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Abstract
The total linear electromagnetic field momentum Pem of a stationary electric dipole p in a static
magnetic field B is considered. The expression Pem =
1
2B× p, which has previously been implied
to hold in all static magnetic field situations, is not valid in general. The contribution of the
electromagnetic momentum of the fringing fields of the dipole is discussed. It is shown that when
either the static magnetic field or the electric dipole moment is changed, the mechanical impulse
on the system equals −∆Pem, and hidden momentum does not need to be invoked in order to
conserve total momentum.
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I. INTRODUCTION
In classical electromagnetism, the electric (E) and magnetic (B) fields store linear mo-
mentum in the form of electromagnetic momentum density1,2 ǫ0(E ×B) [SI units are used
throughout this paper]. The total electromagnetic momentum of a system is the integral of
the electromagnetic momentum density,
Pem = ǫ0
∫
E(r)×B(r) dr. (1)
It is therefore possible for static electric and magnetic fields to store electromagnetic mo-
mentum (although the total momentum of the system must zero, as is discussed later). To
illustrate the consequences of the electromagnetic momentum on a specific system, several
authors have studied the electromagnetic momentum due to electric dipoles in the presence
of static magnetic fields.3–5
In this paper, we consider two aspects of electromagnetic momentum stored in the fields
due to a stationary electric dipole in a static magnetic field. The first is the expression for
the electromagnetic momentum stored in the system, which has been reported to be (see
Refs. 3–5 and Ref. 6)
Pem =
1
2
B× p, (2)
where p is the electric dipole andB is the magnetic field at the position of dipole. Eq. (2) was
derived3–5 for stationary electric dipoles in locally uniform static magnetic fields produced
by a long uniform solenoid and a spinning sphere with a uniform surface charge density.
Ref. 6 inadvertently omitted to mention that the result was derived for locally uniform
fields, implying that it was true in general. Given that the electromagnetic momentum for
a stationary magnetic moment m in a static (not necessarily uniform) electric field is6,7
Pem =
1
c2
E×m, (3)
where E is the electric field at the position of the magnetic moment and c is the speed
of light, it seems plausible that there should be an equivalent expression for a stationary
electric dipole in a static, non-uniform magnetic field. However, the results Eqs. (2) and (3)
are incompatible with each other, as illustrated in the following example.
Assume there is a magnetic moment m = mzˆ at the origin and an electric dipole p = pxˆ
at Rxˆ (where carets indicate unit vectors), as shown in Fig. 1. The magnetic field at a
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displacement r 6= 0 from the magnetic moment is (see e.g., Ref. 1, p. 255)
B =
µ0
4πr3
[3(m · rˆ)rˆ−m]. (4)
The electric field at a displacement r from the electric dipole is obtained by replacing m
by p and µ0 by ǫ
−1
0 in the above equation. The magnetic field at Rxˆ due to the magnetic
dipole is B(r = xˆR) = −µ0m/(4πR3) zˆ, and the electric field at the origin due to the electric
dipole1 is E(0) = p/(2πǫ0R
3) xˆ. These together with Eqs. (2), (3) and c−2 = µ0ǫ0 give
From Eq. (2): Pem = −1
8
µ0mp
πR3
yˆ; (5a)
From Eq. (3): Pem = −1
2
µ0mp
πR3
yˆ. (5b)
Since Pem evaluated using Eqs. (2) and (3) do not agree, at least one of these expressions
is not valid in general.8 It turns out that it is Eq. (2) that is not in general valid, even
in cases where the magnetic field is locally uniform, and Pem cannot in general be written
solely in terms of p and B at the position of the dipole. In Section II of this paper, we give
several expressions for Pem for a stationary electric dipole in a static magnetic field, all of
which depend (explicitly or implicitly) on the electric current configuration that generates
the magnetic field. This is followed by examples and a discussion regarding the reasons
behind the differences in total amount of Pem for different current configurations.
Section III deals with another aspect of an electric dipole in a magnetic field: the impulse
imparted to the system when either the electric dipole moment or magnetic field is reduced
to zero. A recent paper by Babson et al.5 seemed to imply (although it was not their
intent9) that it is necessary to take into account the hidden momentum10 in the system in
order for the total momentum to be conserved. We show that in these systems, the loss
of electromagnetic momentum is always equal to the mechanical impulse imparted to the
system, and it is not necessary to invoke the presence of hidden momentum to conserve the
total momentum.
Section IV contains a discussion of the results of this paper.
II. Pem FOR A STATIONARY ELECTRIC DIPOLE IN A STATIC MAGNETIC
FIELD
The total electromagnetic momentum Pem for the case in which the electric and mag-
netic fields E and B are due to stationary charges distribution ρ(r) and steady current
3
distributions J(r) which are local (do not extend to infinity), can also be expressed as7
Pem =
1
c2
∫
V (r) J(r) dr, (6a)
where V (r) is the scalar potential in the Coulomb gauge,
V (r) =
1
4πǫ0
∫
ρ(r′)
|r− r′| dr
′. (6b)
In Appendix A, the derivation of Eq. (6a) is reproduced, and circumstances in which the
locality of J can be relaxed are discussed.
The electromagnetic momentum can alternatively be expressed as7,11,12
Pem =
∫
ρ(r) A(r) dr. (7a)
where A(r) is the vector potential in the Coulomb gauge (∇ · A = 0) for a static current
source,
A(r) =
µ0
4π
∫
J(r′)
|r− r′| dr
′. (7b)
It is easy to see that both expressions Eqs. (6a) and (7a) for Pem are equivalent, by substi-
tuting Eq. (6b) into (6a) and Eq. (7b) into (7a), and using c−2 = ǫ0µ0.
First, we reconfirm that Eq. (3) is valid for a magnetic dipole in the presence of a static
electric field.7 The vector potential for a magnetic dipole at rm in the Coulomb gauge is
A = µ0m× (r− rm)/(4π|r− rm|3), so Eq. (7a) gives
Pem = µ0
∫
dr ρ(r)
m× (r− rm)
4π|r− rm|3 = µ0ǫ0
[
−
∫
dr
ρ(r) (rm − r)
4πǫ0|r− rm|3
]
×m, (8)
which yields Eq. (3) since the term in the square parentheses is the electric field at the
position of the magnetic dipole and µ0ǫ0 = c
−2.
A. Expressions for Pem for stationary electric dipole in a static magnetic field
We now present four expressions for the total electromagnetic field momentum for an
electric dipole p in the presence of a static current density J(r) which produces a static
magnetic field B(r) and a corresponding vector potential in the Coulomb gauge A(r). In
these expressions, the gradients and the magnetic fields are evaluated at the position r of
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the electric dipole. The expressions are
Pem = (p · ∇)A(r) (9a)
= −µ0
4π
∫
[p · (r− r′)] J(r′)
|r− r′|3 dr
′ (9b)
= B× p+∇(p ·A) (9c)
= B× p− µ0
4π
∫
(r− r′) [p · J(r′)]
|r− r′|3 dr
′. (9d)
Expression (9a), which was given in Ref. 13, can be derived by taking a point dipole p at
a position r to be the limit of point charges −q at r and q at r + l in which |l| ≡ l → 0
and q →∞, with the product lq = p being finite. Using this in Eq. (7a) and the expansion
A(r+ l) ≈ A(r)+(l ·∇)A(r), results in Pem = lim l→0
ql→p
q[A(r+ l)−A(r)] = lim l→0
ql→p
(ql ·∇)A,
which gives expression (9a).
Combining Eq. (9a) with Eq. (7b) and using the relationship (where ∇ is the gradient
with respect the variable r)
∇ 1|r− r′| = −
r− r′
|r− r′|3 , (10)
[or alternatively using the scalar potential for a point dipole, V (r) = p · r/(4πǫ0r3), in
Eq. (6a)] yields expression (9b).
Expression (9c) is obtained by using the vector identity [see, e.g., Refs. 1 or 2] ∇(p ·A) =
p × (∇×A) +A × (∇× p) + (p · ∇)A + (A · ∇)p, together with ∇×A = B and p not
having any spatial dependence, gives expression (9c). Finally, using Eq. (7b) in Eq. (9c) and
utilizing Eq. (10) yields expression (9d). Expressions (9c) and (9d) show that, in addition
to the B × p term that is analogous to the E ×m/c2 for a magnetic dipole in an electric
field, there is an additional term which is dependent on the details of the current distribution
which does not vanish in general. Thus, the electromagnetic momentum of an electric dipole
in the magnetic field cannot be expressed solely as a function of the dipole moment and the
local magnetic field.
The differences between the forms of the expressions for Pem for a magnetic dipole in an
electric field and for an electric dipole in a magnetic field are due to the differences between
the sources of static electric and magnetic field. Static magnetic fields are caused by electric
currents and static electric fields are caused by electric charges. Therefore, despite the fact
that the magnetic and electric fields for magnetic and electric dipoles have the same form
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(away from the dipoles themselves) the expressions for Pem are different. For more details,
see Ref. 13.
B. Pem for various cases of electric dipoles in a magnetic field
We use the expressions Eqs. (9a) – (9d) to evaluate Pem for a static electric dipole in a
static magnetic field. We obtain the correct result for the magnetic and dipole configuration
shown in Fig. 1. We then consider cases of an electric dipole in a uniform magnetic field
produced by a spinning uniformly charged spherical shell and a uniform circular solenoid,
where we reproduce the result 1
2
B × p.3–5 We see then that in the case of a uniform field
produced by electric currents in two parallel plates, Pem is not
1
2
B× p. This is followed by
a discussion of the reasons for the differences in Pem in these cases.
1. Configuration shown in Fig. 1
We now re-evaluate Pem for the example shown in Fig. 1. The vector potential for a
magnetic dipole m = mzˆ at the origin in the Coulomb gauge, in spherical and cartesian
coordinates, is1
A
m
(r) =
µ0m× r
4πr3
=
µ0m sin θ
4πr2
φˆ =
µ0m
4π
−yxˆ+ xyˆ
(x2 + y2 + z2)3/2
. (11)
Therefore, for an electric dipole p = pxˆ at position Rxˆ [or in spherical coordinates, r = R,
θ = π/2 and φ = 0] in the presence of the magnetic dipole at the origin, Eq. (9a) gives
Pem = p
[
∂
∂r
(
µ0m sin θ
4πr2
)]
r=R
θ=pi/2
φˆ = −µ0mp
2πR3
φˆ, (12)
which agrees with the result for Pem using Eq. (3), since φˆ = yˆ when φ = 0. In this
particular case, Pem = 2B× p.
Alternatively, we can also use Eq. (9c). In this case, it is more convenient to us the
Cartesian-coordinate expression for A
m
(r), which gives
[∇(p ·A
m
)](R,0,0) =
µ0mp
4π
[
∇ −y
(x2 + y2 + z2)3/2
]
(R,0,0)
= −µ0mp
4πR3
yˆ = B× p. (13)
Using this in Eq. (9c) also gives Pem = 2B× p.
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2. Constant magnetic field inside uniformly charged spinning spherical shell
McDonald3, Gsponer4 and Babson et al.5 evaluated Pem for a capacitor or electric dipole
p, in a uniformly charged spinning spherical shell (or equivalently a uniformly magnetized
sphere) producing a uniform field B inside the sphere. In all cases, they obtained the result
Pem =
1
2
B × p. We will see that this result is reproduced by the expressions given in the
previous section, and is in fact independent of the position of the dipole (or equivalently
capacitor) within the sphere.
The vector potential in the Coulomb gauge is1,14 Ain(r) =
1
3
µ0Rσ(ω × r) and this gives
a uniform magnetic field inside the sphere of B = 2
3
µ0σRω. Thus, for this case the vector
potential inside the sphere can be written as
Ain(r) =
1
2
B× r. (14)
Since p ·Ain = 1
2
p · (B× r) = −1
2
r · (B× p), Eq. (9c) gives
Pem = B× p+ 1
2
∇ (p · (B× r)) = 1
2
B× p, (15)
independent of the position of the electric dipole inside the sphere. By linear superposition,
this result holds for any distribution of dipoles within the sphere. This explains why in Ref. 3
obtained result Eq. (15) for a the electromagnetic momentum of a spherical-cap capacitor
inside a uniformly magnetized sphere (which is equivalent to a rotating uniformly charged
spherical surface), where p is the total dipole moment of the charged capacitor. In fact, so
long as the capacitor is wholly contained within the sphere, the capacitor can any shape and
the result would still hold.
3. Constant magnetic field created by a cylindrical solenoid
We now consider the case of an electric dipole in a region of constant magnetic field
created by an infinite cylindrical solenoid of radius R that is centerd along the z-axis. The
vector potential in the Coulomb gauge in cylindrical coordinates is15
A(r) =


1
2
Bsφˆ = 1
2
B× r if s 6 R,
BR2
2s
φˆ, if s > R
(16)
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where s is the distance from the z-axis. These give B = Bzˆ inside the solenoid and B = 0
outside. We now evaluate Pem for a dipole inside and outside the solenoid.
Dipole within the solenoid: Since the vector potential inside the cylinder is the same form
as Ain(r) for the rotating sphere, the calculation also yields
3,5 Pem =
1
2
B × p. As in the
case of the dipole within the sphere, this result is independent of the position of the dipole
inside the solenoid, and therefore even a macroscopic object, such as a capacitor, with a
total dipole moment p within the solenoid is also Pem =
1
2
B× p.
At this stage, one might surmise that even though Pem =
1
2
B × p does not hold for
non-uniform magnetic fields, perhaps it is always true for uniform magnetic fields. The next
and subsequent examples show that this is not the case.
Dipole outside the solenoid: For a dipole outside the solenoid, the electromagnetic mo-
mentum is
Pem = (p · ∇)A = BR
2
2
(
ps
∂
∂s
+
pφ
s
∂
∂φ
+ pz
∂
∂z
)
φˆ(φ)
s
= −BR
2
2s2
(
psφˆ+ pφsˆ
)
, (17)
where ∂φˆ/dφ = −sˆ has been used.16 Since the magnetic field outside the solenoid is zero,
clearly Pem 6= 12B×p. In Appendix B, this result is reproduced by direct integration of the
electromagnetic momentum density.
4. Two parallel plates with counter-propagating currents
Assume that there are a pair thin conducting plates are in the x–y plane and they are at
z = ±a. The plate on the top carries a uniform current density j in the +x direction and
the plate at the bottom carries the an equal magnitude of current in the −x direction, as
shown in Fig. 2. The calculation of the vector potential using Eq. (7b), is analogous to that
of the scalar potential from parallel plate capacitors with a uniform charge distribution, and
it gives a vector potential of
A(r) =


Bzxˆ, if −a < z < a,
±Baxˆ, if z ≷ a,
(18)
where B = µ0j, and a magnetic field of Byˆ for |z| < a and B = 0 for |z| > a.
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The Pem for an electric dipole outside the plates is zero, since A is constant. For an
electric dipole p in between the plates, using Eq. (9a), the total electromagnetic momentum
is
Pem =
(
px
∂
∂x
+ py
∂
∂y
+ pz
∂
∂z
)
Bzxˆ = pzBxˆ. (19)
Thus, only the component of p perpendicular to the plates contributes to Pem. This provides
an example where there is a non-zero uniform magnetic field, but Pem 6= 12B× p.
Note that in this case, even though the currents and hence the magnetic fields extend to
infinity, the expression Eq. (7a) is convergent and the surface term in Eq. (A1) in Appendix
A goes to zero in the limit when the volume of integration goes to infinity. Therefore,
Eq. (9a) [which is based on Eq. (7a)] can be used to obtain Pem. In Appendix C, the above
result for Pem is also obtained by evaluating ǫ0
∫
dr E×B directly.
To circumvent any problems which might be associated with infinite currents and fields,
one can assume that the current-carrying plates are large but finite, and the top and bottom
plates are connected at the ends where the currents flow to and from. In this case, there
will be contributions to Pem from the fringing fields, but these can be made arbitrarily small
by increasing the size of the plates. For readers who are skeptical that the above example
is consequence of the unbounded currents and magnetic fields, which can sometimes give
ill-defined physical quantities, an example of Pem 6= 12B × p for purely local currents in
shown in the Appendix D.
C. Which gauge of A(r) should be used?
Eqs. (9a) and (9c) indicate that Pem for an electric dipole in a constant magnetic field
is dependent on form of the vector potential A(r) at the dipole. In the case of a constant
magnetic field B = Byˆ, both A(r) = B
2
yˆ × r = B
2
(zxˆ − xzˆ) and A(r) = Bzxˆ (or for that
matter, A = B[(1 − α)zxˆ − αxzˆ] for any constant α) satisfy ∇×A = Byˆ and ∇ ·A = 0.
As shown above, the value of Pem depends on which A(r) is used. So, which of these is the
correct one to use? The Helmholtz theorem states that the appropriate A in the Coulomb
gauge (∇·A = 0) is determined by B = ∇×A over all space. Provided that B goes to zero
sufficiently fast as r →∞, A(r) is determined by the current density J(r) by Eq. (7b). This
expression gives A = B
2
yˆ × r for the interior regions of uniform cylindrical solenoids and
spinning spheres, and A = xˆBz for interior region of parallel plates with constant current
9
densities.17
D. Contribution of the fringing electric fields of a capacitor to Pem
A capacitor can be modeled as a superposition of point dipoles. Since the Pem is linear
in E, which in turn is linear in p, the results for Pem for a point dipole are equally valid
for a capacitor. For cylindrical solenoids and spinning spheres of uniform surface charge,
the factor of 1
2
in the result Pem =
1
2
B× p implies Pem = 12Pcapacitor, where Pcapacitor is the
electromagnetic momentum that is stored in between the capacitor plates. Obviously, the
fringing electric fields of the capacitor contain a contribution of −1
2
Pcapacitor. On the other
hand, for a constant field generated by a “solenoid” consisting of parallel conducing plates
with counter-propagating currents, if the capacitor plates are oriented in the same way as the
current-carrying plates, the Pem = Pcapacitor, but if the capacitor plates are perpendicular
to the plates carrying the current, Pem = 0. What causes these differences in the total
electromagnetic momentum?
Consider the cases shown in Fig. 3(a) – (c), in which the capacitors can be approximated
as an electric dipole moment is the positive z-direction, and the magnetic field is in the
positive y-direction. In these cases, the y- and z-components of the total electromagnetic
momentum Pem are zero, so to determine the contribution to Pem, we need only consider
the z-component of the electric field due to the dipole (since the electromagnetic momentum
density is ǫ0E×B, and here B is in the y-direction.) Fig. 3(d) indicates the regions where
Ez is positive and where it is negative around the electric dipole. Since the z-component of
the electric field for a dipole at the origin is Ez(r) =
p
4πǫ0r3
(3 cos2 θ − 1) − p
3ǫ0
δ(r), Ez > 0
in the cones that make an angle of cos−1(1/
√
3) ≈ 55o with respect to the positive and
negative z-axes, as indicated by the shaded regions in Fig. 3(d). When B in the positive
y-direction, these regions will give a negative contribution to Pem,x, while conversely, the
regions within approximately 35o of the “equator” of the dipole, the electric field gives a
positive contribution to Pem,x.
In the fringing field regions around the capacitors where the magnetic field exists, the
volume of the regions where Ez > 0 (Ez < 0) increases (decreases) in the configurations
shown in Figs. 3(b), (a) and (c), respectively. This results in a corresponding increase in
the contribution of the fringing fields, in that order. In Fig. 3(b), apparently the fringing
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field contributions to Pem of the Ez > 0 and Ez < 0 regions cancel, and the result of the
total electromagnetic momentum is the same as that contained within the capacitor plates.
Figs. 3(c) is at the other extreme of the cases considered here – the regions where Ez > 0
in the fringing fields dominate to the extent that it completely cancels the electromagnetic
momentum contained within the capacitor plates (where Ez < 0). Figs. 3(a) is in between
(b) and (c).
III. MOMENTUM IMPARTED TO THE SYSTEM WHEN CURRENT OR
DIPOLE IS CHANGED
In this section, we attempt to clarify the discussion in Babson et al.5 on the role of hidden
momentum10 in the conservation of total momentum of a system consisting of an electric
dipole in a magnetic field, when the electromagnetic momentum is changed. It is shown here
that the mechanical impulse imparted to the system due to either a change in the current
producing the magnetic field or the electric dipole is equal to the loss of electromagnetic
momentum of the system, and hence it is not necessary to invoke hidden momentum to
conserve the total momentum.
A. Proof that impulse imparted to the system equals −∆Pem
1. Current is changed
When the current is changed the vector potential changes by ∆A(r), which induces a
change in the electric field E = −∂A/∂t (the Faraday effect). The momentum imparted to
a charge distribution ρ(r) as the current changes is
~Iρ =
∫
dt
∫
dr ρ(r) E(r, t) =
∫
dr ρ(r)
[
−
∫
dt
∂A
∂t
]
= −
∫
dr ρ(r) ∆A(r) = −∆Pem, (20)
where the last equality comes from Eq. (7a).Thus, when the magnitude of the current is
changed, the change in the electromagnetic momentum is equal and opposite to the impulse
given to the charges.18 Since this is true for any arbitrary distribution of charges, it is also
true for the momentum imparted on the dipole.
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2. Electric dipole moment is changed
When the dipole moment is changed, there is an electric current density Jdip due to the
transfer of charge within the dipole which experiences a Lorentz force Fdip = Jdip ×B. In
addition, Jdip itself produces a magnetic field, Bdip, which imparts a Lorentz force on the
current in the solenoid. Let us examine the impulses exerted by these forces and compare
these to the change in the electromagnetic momentum.
Assuming the dipole is at the origin, the current distribution due to the change in the
dipole moment is19
Jdip(r, t) = p˙(t)δ(r). (21)
The impulse on the dipole, which is equal to the momentum imparted on the dipole, is given
by
~Idip =
∫
dt
∫
Jdip(r, t)×B(r) dr
=
∫
dt p˙(t)×B(0) = ∆p×B(0). (22)
The current Jdip(t) produces a magnetic field at position r
′ and time t of20
Bdip(r
′, t) = −µ0
4π
[
r′ × [p˙+ (r′/c)p¨]
r′3
]
ret
, (23)
where “ret” indicates that p˙ and p¨ are evaluated at retarded time tret = t − |r′|/c. The
impulse imparted on the current in the solenoid is
~Isol =
∫
dt
∫
J(r′)×Bdip(r′, t) dr′
= −µ0
4π
∫
J(r′)×
(
r′ ×∆p
r′3
)
dr′
=
µ0
4π
∫ [
−r
′(J(r′) ·∆p)
r′3
+∆p
(
J(r′) · r′
r′3
)]
dr′, (24)
where the identity A× (B×C) = B(A ·C)−C(A ·B) has been used in the last equality.
(The p¨ term in Bdip(r, t) does not contribute because ∆p˙ = 0, since p is constant before
and after it is changed.) The second term in the last expression in Eq. (24) is zero because∫
J(r′) · r′
r′3
dr′ = −
∫
J(r′) · ∇′
(
1
r′
)
dr′ =
∫
1
r′
∇′ · J(r′)−∇′ ·
(
J(r′)
r′
)
= 0 (25)
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since ∇′ ·J(r′) = 0 for static currents, and from the divergence theorem, ∫ ∇′ ·(J(r′)/r′)dr′ =∫
S
J(r′)/r′ · da′ = 0, because S is a surface at infinity and J(r′) is be localized. Therefore,
~Isol = −µ0
4π
∫
r′(J(r′) ·∆p)
r′3
dr′. (26)
This implies that the total impulse given to the system due to the change ∆p in the dipole
moment at the origin is
~Idip + ~Isol = ∆p×B(0)− µ0
4π
∫
r′(J(r′) ·∆p)
r′3
dr′. (27)
But from Eq. (9d), this is exactly the negative of the change in the electromagnetic momen-
tum for an electric dipole at r = 0, so
~Idip + ~Isol +∆Pem = 0, (28)
which shows that the momentum imparted to the system when the electric dipole moment
changes is equal to the change in field electromagnetic momentum.
B. Examples
We now examine several cases of electric dipoles in magnetic fields created by different
sources, specifically by a magnetic dipole, and by cylindrical, spherical and parallel-plate
solenoids. In each case, we show explicitly that when either the electric dipole or the
magnetic-field-producing current is changed, the impulse on the system is equal to the
change in electromagnetic momentum.
1. Magnetic and electric dipole at arbitrary orientation and displacement
For an arbitrary placement of an magnetic moment m and an electric dipole p displaced
by r 6= 0 from the magnetic moment, the electromagnetic momentum is13
Pem =
µ0
4πr3
(
(m× p)− 3
r2
(p · r)(m× r)
)
. (29)
Let us assume that m is at the origin and p is at r.
Magnetic dipole changed – When the magnetic dipole is changed by ∆m, the change in
the electromagnetic momentum from Eq. (29) is
∆Pem =
µ0
4πr3
(
(∆m× p)− 3
r2
(p · r)(∆m× r)
)
. (30)
13
Let us assume, for notational simplicity, that the change in the dipole is quasi-static, so that
one can ignore retardation effects and the m¨ term. (The derivation can easily be extended
to include non-quasi-static changes.) This change produces an electric field20
Em.dip(r, t) =
µ0
4π
r× m˙
r3
. (31)
The force on the electric dipole is ∇(p ·Em.dip), so the momentum imparted on the electric
dipole due to a change in the magnetic moment is
~I =
∫
∇(p · Em.dip) dt = µ0
4π
∇
(p · r
r3
)
×∆m = µ0
4π
[
p
r3
− 3(p · r)r
r5
]
×∆m. (32)
Eqs. (30) and (32) give ∆Pem + ~I = 0.
It is easy to generalize the above from a point electric dipole to an arbitrary distribution
of static charges ρ(r). The electric field Edip(r, t) induced by the change in m imparts an
impulse on ρ(r) of (using Eq. (31), Coulomb’s law for the electric field and µ0ǫ0 = c
−2)
~I =
∫
dr ρ(r)
[∫
dt Edip(r, t)
]
=
∫
dr
µ0
4π
[
ρ(r) r×∆m
r3
]
= − 1
c2
E×∆m, (33)
where E is electric field at the origin; i.e., the position of the magnetic moment. Since
∆Pem = c
−2E ×∆m, this implies that ~I +∆Pem = 0 when m is changed for an arbitrary
distribution of static charges.
Electric dipole changed – If the electric dipole is changed by ∆p, the change in the elec-
tromagnetic momentum from Eq. (29) is
∆Pem =
µ0
4πr3
(
(m×∆p)− 3
r2
(∆p · r)(m× r)
)
. (34)
The impulse of the magnetic field on the charge current in the electric dipole, using Eq. (22)
and Eq. (4) for the field of the magnetic dipole, is
~Ie.dip. = ∆p×B = µ0
4πr3
[
3(m · r)(∆p× r)
r2
−∆p×m
]
. (35)
In addition, the current of the electric dipole at r, in the quasi-static limit, induces a magnetic
field at r′ of20
Be.dip(r
′, t) = −µ0
4π
(r′ − r)× p˙
|r′ − r|3 . (36)
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The impulse on the magnetic dipole is
~Im.dip. =
∫
∇′[m ·Be.dip(r′, t)]r′=0 dt = −µ0
4π
∇
(
m · [(r′ − r)×∆p]
|r′ − r|3
)
r
′=0
= −µ0
4π
∇′
(
(r′ − r) · (∆p×m)
|r′ − r|3
)
r
′=0
= −µ0
4π
[
∆p×m
r3
− 3r · (∆p×m)r
r5
]
. (37)
Therefore, the total impulse on the system is
~I = ~Ie.dip. + ~Im.dip.
=
µ0
4πr5
[
3(m · r)(∆p× r) + 2(m×∆p)r2 + 3r · (∆p×m)r]
=
µ0
4πr5
[−(m×∆p)r2 + 3(∆p · r)(r×m)] (38)
where in the last equality we use the identity21
(m · r)(∆p× r) + (r · r)(m×∆p) + (∆p · r)(r×m) + [r · (∆p×m)]r = 0. (39)
Eqs. (34) and (38) give ∆Pem + ~I = 0.
2. Electric dipole on the axis of a cylindrical solenoid and at the center of a rotating charged
spherical shell
The cases in which an electric dipole is on the axis of a cylindrical solenoid and at the
center of a rotating charged uniform spherical shell were considered by Babson et al.5. In
both cases, Pem =
1
2
B × p. Furthermore the impulse imparted on the system when the
dipole strength or the magnetic field is changed is also the same in both cases.
Magnetic field changed – When the current that is the source of the magnetic field is
changed by ∆B, a straightforward generalization of the calculation given in Babson et al.5
shows that the impulse given to the dipole is −1
2
∆B × p. Since ∆Pem = 12∆B × p, this
implies ∆Pem + ~I = 0.
Electric dipole changed – When the electric dipole is changed by ∆p, a straightforward
generalization of the calculation of Ref. 5 shows that the impulse to the dipole is ~Idip =
−B × ∆p and the impulse to the solenoid is ~Isol = 12B × ∆p, giving a total impulse of
~I = ~Idip + ~Isol = −12B×∆p. Again, ∆Pem + ~I = 0.
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3. Electric dipole in a “solenoid” of parallel counter-propagating currents
In the case where the magnetic field is created by currents in parallel conducting plates
in the configuration shown in Fig. 2 and considered in Sec. II B 4, the electromagnetic mo-
mentum is given by Eq. (19).
Magnitude of current in the solenoid is changed – When the current density is changed
by ∆j = ±∆jxˆ in the plate at z = ±a, the magnetic field is changed by ∆B = ∆B yˆ in
between the plates, and therefore Eq.(19) yields
∆Pem = pz ∆B xˆ. (40)
The change in the magnetic field induces an electric field, which can be deduced by Amperian
loops. From the symmetry of the problem, the electric field must be in the xˆ direction, and
independent of the x-coordinate. Taking rectangular amperian loops which have a length L
in the x-direction and d in the z-direction, the area through the loop is Ld and the change
in flux ∆BLd is equal to
∫
E ·dl around the loop. This shows that ∫ [Ex(z)−Ex(z+d)] dt =
∆Bd. Thus, the momentum of a dipole inside the solenoid |z| < a, has momentum imparted
of the form
~I =
∫
q [Ex(z + d)− Ex(z)] dt xˆ = −qd ∆B xˆ = −∆B pzxˆ. (41)
This gives ∆Pem + ~I = 0.
Electric dipole changed – When the electric dipole changes, Eq.(19) gives
∆Pem = ∆pz B xˆ. (42)
The change in the p results in a current density j = δ(r− rdip)p˙ (where rdip is the position
of the dipole) and
∫
p˙ dt = ∆p. As in previous instances considered, when p changes, there
are two impulses on the system. First, there is the Lorentz force of the magnetic field B on
the current in the dipole, which gives an impulse of
~Idip =
∫
dt
∫
dr j×B =
∫
dt p˙×B = ∆p×B. (43)
Then, there is the Lorentz force of the magnetic field induced by the change in the dipole
(see Eq. (35)) on the currents in the parallel-plate solenoid. We treat each of the three
different components of the dipole, p = pxxˆ, pyyˆ and pzzˆ, individually.
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∆pz: When the z-component of p is changes by ∆pz, the impulse on the the dipole due to
the magnetic field is ~Idip = ∆pz B (zˆ × yˆ) = −∆pz B xˆ. The magnetic fields induced
by the current in the dipole are in the azimuthal direction and symmetric with respect
to the azimuthal angle, so by symmetry the total impulse ~Isol due to these magnetic
fields on the currents at z = ±a integrates to zero. Hence, ~I = ~Isol+~Idip = −∆pz B xˆ.
∆py: When the y-component of p is changed by ∆py, the impulse due to the magnetic
field on the current in the dipole ~Idip = ∆p × B = 0. By symmetry, the magnetic
fields produced by the change in the electric dipole has x and z components. The
x-component of the magnetic field does not impart an impulse on the currents at
z = ±a, and the impulses from the z-components cancel due to symmetry. Therefore,
~I = ~Isol + ~Idip = 0.
∆px: For ∆p = ∆pxxˆ, the impulse on the current in the dipole is ~Idip. = p×B = ∆pxB(xˆ×
yˆ) = ∆pxBzˆ. If we let r
′ be the position with respect to the dipole, then the current
in the dipole produces a magnetic field Be.dip(r
′, t) given by Eq. (36) [with r = 0 in
that equation]. The current at z = +a has a surface current density of j = jxˆ, so the
force per unit area is jxˆ×Be.dip(r′, t). The impulse on the entire sheet is
~Isol,+a =
∫
dx′
∫
dy′
∫
dt j×Be.dip(r′, t)
=
µ0
4π
∫
dx′
∫
dy′
jxˆ× (xˆ∆p× r′)
r′3
=
µ0j ∆p
4π
∫
dx′
∫
dy′
xˆ(xˆ · r′)− r′
r′3
= −µ0j ∆p
4π
∫
dx′
∫
dy′
y′yˆ + z′zˆ
r′3
, (44)
where z′ > 0 is the z-coordinate of the current sheet at z = +a relative to the
electric dipole. The yˆ component vanishes because the integrand is anti-symmetric
with respect to y′. Changing variables of the integral
∫
dx′
∫
dy′ to 2π
∫
ds′ s′ (taking
advantage of azimuthal symmetry of the integrand) gives, using a change of variables
ζ = s′/z′,
~Isol,+a = −µ0j ∆p
2
∫ ∞
0
ds′ s′
z′
(z′2 + s′2)3/2
xˆ
= −B ∆p
2
∫ ∞
0
dζ
ζ
(1 + ζ2)3/2
xˆ = −B ∆px
2
xˆ, (45)
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where we have used B = µ0j. For the current in the plane at the z = −a, the
calculation is identical except that the the current is j is in the opposite direction,
and z′ < 0 so the change of variables ζ = s′/|z′| = −s′/(−z′) introduces a negative
sign. These two sign changes negate each other, so ~Isol,−a = −12B∆p xˆ, and the total
impulse on the solenoid is
~Isol = ~Isol,+a + ~Isol,−a = −B ∆px xˆ. (46)
Therefore ~Isol + ~Idip = 0.
Comparing these results for ~I caused by ∆px, ∆py and ∆pz with the change in the field
momentum Eq. (42), we see that ∆Pem + ~I = 0 for ∆p in any direction.
IV. DISCUSSION
An electric dipole in a static magnetic field and a magnetic dipole in a static electric field
both generally give rise to a non-zero electromagnetic field momentum Pem = ǫ0
∫
dr E×B.
While the Pem for a point magnetic dipole in a static electric field can be expressed in
terms of magnetic moment and the local electric field at the position of the moment, namely
Eq. (3), the same cannot be said for a point electric dipole in a static magnetic field; Eq. (2)
is not true in general, even for locally uniform magnetic fields. To determine Pem for a point
electric dipole in a static magnetic field, one needs to know the full current distribution
which produces the magnetic field, or the appropriate derivatives of the magnetic vector
potential in the Coulomb gauge at the position of the electric dipole; see Eqs. (9a) – (9d).
The difference between electric dipoles in static magnetic fields and magnetic dipoles in
static electric fields is due the difference in the sources of static electric and magnetic fields;
static electric fields are produced by charges whereas static magnetic fields are produced by
charge currents.
It has also been shown that when either the electric dipole moment or the current produc-
ing the magnetic field is changed the mechanical impulse on the system ~I is equal to the loss
of electromagnetic momentum for an electric dipole in the magnetic field. The motivation
for showing this comes from Babson et al.,5 who stated in the conclusion section that “there
is no reason why this impulse should equal the momentum originally stored in the fields” in
these situations, thus unintentionally inferring22 that it is necessary to take into account the
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hidden momentum10,23 in the system in order for the total momentum to be conserved. Hid-
den momentum is a form of mechanical momentum that associated with internally moving
parts in the presence of a potential gradient, and is a relativistic effect. As shown in Ref. 5,
for a stationary electric dipole in a static magnetic field, the hidden momentum must be
included for the total linear momentum to vanish, as is required since the“center-of-energy”
is stationary. However, there is no need to invoke hidden momentum in order to comply
with the law of conservation of momentum when electromagnetic momentum is changed.24
It is interesting to note that, for a stationary electric dipole in a static magnetic field, when
either the electric dipole moment or the current producing the magnetic field is changed, the
overt mechanical momentum (i.e., the non-hidden component of the mechanical momentum)
is conserved, even when there is non-zero electromagnetic momentum initially present in the
system. By Newton’s second law, the change in the mechanical momentum is equal to the
impulse on the system; i.e., ∆Povert + ∆Phidden = ~I. Since ~I = −∆Pem, this implies that
∆Povert = −∆[Pem + Phidden]. But since Pem = −Phidden in a static system,10 this gives
∆Povert = 0, independent of what the ∆Pem is.
For example, considering a stationary electric dipole in the presence of a static magnetic
field produced by a solenoid, if the current in the solenoid remains constant and dipole
completely discharges, the dipole acquires momentum B× p, and the solenoid always ends
up with a momentum of −B × p, regardless of what the initial Pem is. To illustrate this,
consider the cases shown in Figs. 3(a) – (c). In Fig. 4(a), the hidden momentum that is
initially contained in the solenoid is −1
2
B× p. When the dipole is discharged, the impulse
received by the solenoid from the magnetic field generated by the discharging dipole is
−1
2
B × p. In addition, the hidden momentum of −1
2
B × p that is initially in the solenoid
is transformed into overt momentum when the dipole discharges, giving the solenoid a total
overt momentum of −B× p. In Fig. 4(b), when the dipole is discharged, the total impulse
received by the solenoid currents is zero, but the solenoid had a hidden momentum of −B×p
that is transformed into an overt mechanical momentum. In Fig. 4(c), the total impulse
received by the solenoid currents is −B×p, but the solenoid had no hidden momentum. On
the other hand, if the dipole remains constant and the current in solenoid is turned off, the the
dipole acquires an overt momentum that is equal to the initial electromagnetic momentum,
and the solenoid acquires an overt momentum that is equal to the initial hidden momentum
in the solenoid, which is equal to the negative of the initial electromagnetic momentum.
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Thus, in all cases, the total change in the overt momentum of the dipole and solenoid is
zero.25
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Appendix A: Derivation of Eq. (6a)
To see under what conditions Eq. (6a) holds, let us first rederive this result for a finite
volume V, with surface S. For static electric and magnetic fields,
Pem = ǫ0
∫
V
dr E×B = −ǫ0
∫
V
dr ∇V ×B
= ǫ0
∫
V
dr [V (∇×B)−∇× (VB)] = 1
c2
∫
V
dr V J− ǫ0
∫
S
da V (nˆ×B). (A1)
where we have used E = −∇V , ∇× (VB) = ∇V ×B+V∇×B, ∇×B = µ0J, µ0ǫ0 = c−2,
and
∫
V
dr ∇×A = ∫
S
nˆ×A, where nˆ is the unit vector perpendicular to the surface. Letting
V → ∞, one obtains Eq. (6a), provided that the last term in Eq. (A1), ǫ0
∫
S
da V (nˆ×B)→ 0
when S → ∞. This condition is satisfied for an electric dipole in a uniform “solenoid” of
consisting of infinite parallel plates, since as the radius r of the surface the radius of S
increase, the integrand V (nˆ×B) ∼ r−2 whereas area of S where the integrand is non-zero
increases as r.
Appendix B: Derivation of Eq. (17) by direct integration of the electromagnetic
momentum density
We first derive the electromagnetic momentum for a point charge that is outside a uniform
cylindrical solenoid. The electromagnetic momentum of a point charge q that is a perpen-
dicular distance s from the an infinitely long, infinitesimally small solenoid along the z-axis
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carrying magnetic flux Φm can be obtained by integrating the electromagnetic momentum
over the length of the solenoid. The result is, in cylindrical coordinates, is26
Pem =
qΦm
2πs
φˆ. (B1)
The Pem for the charge q a distance s from the axis of of a solenoid of finite radius R(< s)
with uniform magnetic field B can be obtained by using the above result and integrating
over the cross section of the solenoid. If we integrate along a shell of radius r and width
dr, as shown in Fig. 4, by symmetry, the Pem must be in the azimuthal direction. The
magnitude of the electromagnetic momentum due to this shell is
dPem =
qB(r dr )
2π
∫ 2π
0
cosψ
r′
dθ (B2)
where r′, θ and ψ are shown in Fig. 4. (The factor cosψ arises because we are taking the
azimuthal component of dPem.) Using the law of cosines, which gives r
2 = r′2+s2−2sr′ cosψ
and r′2 = r2 + s2 − 2rs cos θ, the integral can be evaluated to give
dPem =
qBr dr
4πs
(
2π +
∫ 2π
0
s2 − r2
r2 + s2 − 2rs cos θdθ
)
=
qBr dr
s
. (B3)
The total momentum is obtained by integrating from r = 0 to r = R, yielding
Pem =
qBR2
2s
φˆ. (B4)
Consider now a dipole which consists of two charges q and −q separated by a distance l,
in the limit l → 0 and ql → p. For p in the z-direction, the contributions to Pem from the
two charges in the dipole cancel each other, so Pem = 0. For p = pssˆ, given by charges −q
and q at ssˆ and (s+ l)sˆ respectively, Eq. (B1) yields
Pem =
BR2
2
φˆ
[
lim
l→0
ql→ps
(
−q
s
+
q
s+ l
)]
=
BR2
2
φˆ lim
ql→ps
[
− ql
s2
]
= −BR
2
2s2
psφˆ. (B5)
For p = pφφˆ, given by charges q and −q are at the same distance s from the z-axis but with
azimuthal angles that are different by an angle ∆φ = l/s, Eq. (B1) yields
Pem =
BR2
2s
lim
l→0
ql→pφ
[
qφˆ(φ+∆φ)− qφˆ(φ)
]
=
BR2
2s
lim
ql→pφ
[
q
l
s
∂φˆ
∂φ
]
= −BR
2
2s2
pφsˆ. (B6)
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Appendix C: Alternative derivation for Pem due to electric dipole in between anti-
parallel current sheets
The result Eq. (19) for the momentum of an electric dipole in a constant magnetic field
created by conducting parallel plates can also be obtained by integrating ǫ0E × B over all
space. To do this, we divide the volume integral in between the parallel current-carrying
plates into an integral across the entire x–y plane, followed by an integral from z = −a to
z = +a; i.e.,
Pem = ǫ0
∫ a
−a
dz′ E(z′)× Byˆ; (C1a)
where
E(z′) =
∫ ∞
−∞
dx
∫ ∞
−∞
dy E(x, y, z′). (C1b)
is the integral of the electric field over the x–y plane at z = z′. Below, we evaluate E(z′) for
physical dipoles p = ql, with a finite q and l, and then take the point dipole limit q → ∞,
l → 0 and ql → p in the end. We show here that E(z′) is zero for any physical dipole except
when plane at z = z′ lies in between the positive and negative charges of the dipole.
By symmetry, the component E(z′) along the surface of the plane due to a static
point charge is be zero. (For example, for a point charge on the z-axis, Ex,y(x, y, z
′) =
−Ex,y(−x,−y, z′), so when Ex or Ey are integrated over the x–y, the contributions from x, y
and −x,−y cancel each other.) By linear superposition, this is also true for electric fields
due to static dipoles. Therefore, the only possible non-zero component is the component of
E that is perpendicular to the surface, which is electric flux through the surface. By Gauss’
law, the magnitude of the electric field flux through the plane due to a point charge q is
|q|/(2ǫ0), independent of the distance of the charge from the plane. (This is because half
of the flux lines that emanate from the charge will pass through the plane – see Fig. 5(a).
When both the charges of a dipole are on the same side of the plane, the contributions from
the positive and negative charges cancel. The only case when E(z′) is non-zero is when
the plane straddles the charges; see Fig. 5(b)). So, if the dipole consists of a charge −q at
(x0, y0, z0) and q at (x0+lx, y0+ly, z0+lz), then E(z
′) is equal to −q/ǫ0 zˆ for z0 < z′ < z0+lz,
and zero otherwise. Therefore,
Pem = ǫ0
∫ z0+lz
z0
dz′
(
−qB
ǫ 0
)
zˆ× yˆ = qlzBxˆ = pzBxˆ, (C2)
reproducing Eq. (19)
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Appendix D: Example of Pem 6= 12B× p for purely local currents
Current and charge configurations that extend to infinity can at times yield ill-defined
results for quantities such as the electromagnetic field momentum. To show that the results
described in Sec. II B are not artifacts of the unbounded currents used in the examples,
in this appendix a case is presented in which Pem 6= 12B × p even when only purely local
currents and charges are present.
Consider a spinning sphere with a uniform surface charge, as in Refs. 5 and 3 and in
Section IIB 2, together with a torus which contains magnetic field. The magnetic field in
the torus is caused by a surface current on the torus, and hence both current and field
are local. In the limit where the torus is infinitesimally small, the vector potential of the
magnetic of the torus in the Coulomb gauge has the same form as the magnetic field of a
point dipole;27 namely, in spherical coordinates (with the z-axis perpendicular to the plane
of the torus)
Ator,r =
2C
r3
cos θ (D1a)
Ator,θ =
C
r3
sin θ (D1b)
C =
µ0VtorI
16π2
(D1c)
where Vtor is the volume of the torus and I is the current times number of windings of the
wire around the torus.
The spinning sphere creates a uniform magnetic field Bs inside the sphere, and the elec-
tromagnetic momentum due to the electric dipole and the sphere is Pem,s =
1
2
Bs × p. For
simplicity, let the dipole be at a distance R from the torus and on the axis that passes
through the torus, as shown in Fig. 6. The contribution to the electromagnetic momentum
of the magnetic field inside the torus and the electric field of the dipole p = prrˆ + pθθˆ
(where the origin is taken to be the position of the torus), is Pem,tor = CR
−4(−6prrˆ+ pθθˆ),
by Eq. (9a). Therefore, the total electromagnetic momentum is Pem,s + Pem,tor 6= 12Bs × p,
in general.
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27 N. J. Carron, “On the fields of a torus and the role of the vector potential,” Am. J. Phys. 63,
717–729 (1995).
26
FIG. 1: Configuration of electric (p) at the origin and magnetic (m) dipole at Rxˆ which demon-
strates that Eqs. 2 and 3 give inconsistent results for Pem . The dotted line labeled E is the electric
field due to p at m, and the dotted line labeled B is the magnetic field due to m at p.
FIG. 2: Electric dipole in a uniform magnetic field produced by currents in parallel plates. The
plates are in the x–y plane at z = ±a. The current in the top (bottom) layer is in the positive
(negative) x-direction, which produces a magnetic field in the positive y-direction. The lateral
extent of the plates is assumed to be much, much larger than the separation 2a of the plates.
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FIG. 3: Capacitors in the uniform magnetic fields produced by (a) infinite cylindrical solenoid
with uniform current density around the circumference (b) infinite parallel plates with currents in
opposite directions, and perpendicular the dipole of the capacitor and (c) same as (b) but with
currents densities parallel and anti-parallel to the electric dipole moment of the capacitor. In these
three cases, the electromagnetic momenta Pem is (a)
1
2B × p, (b) B × p and (c) 0, where p is
the electric dipole moment of the capacitor and B is the magnetic field. Figure (d) shows the
regions around an electric dipole that is oriented in the positive z-direction where the z-component
of the electric field of the dipole is positive (shaded regions) and negative (white regions). Thus,
when the magnetic field is in the positive y-direction (i.e., into the paper), the x-component of the
electromagnetic momentum is negative in the shaded regions and positive in the white regions.
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FIG. 4: Geometry of integration to obtain the electromagnetic momentum of a point charge outside
a uniform solenoid.
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FIG. 5: (a) Electric flux lines from a positive point charge piercing an infinite plane. Since the
plane is infinite, all the electric field lines with a component that is directed towards the plane will
pierce the plane. This implies that half the electric field lines that emanate from the point charge
will pierce the plane. Therefore, from Gauss’ law, for an infinite plane (and a point charge q which
is not on the plane itself), the flux through the plane
∫
E ·dr = 12q/ǫ0. When there are two charges
of equal magnitude and opposite sign on the same side of the plane, the the contributions of the
+ and − charges cancel each other and the electric flux through the plane is zero,. (b) Electric
flux lines for an infinite plane in between a positive (black dot) and negative (white dot) charges
of equal magnitude. The contribution for each charge to the flux is equal, and therefore the total
flux is q/ǫ0.
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FIG. 6: A situation where the electric current does not extend to infinity, and Pem 6= 12B×p, where
B is the locally uniform magnetic field around electric dipole p. The electric dipole (indicated by
the arrow) is in a uniform magnetic field created by a spinning sphere with a uniform surface
charge, and is a distance R away from and on the axis of a torus that contains magnetic flux.
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